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Numerical Analytic 
Continuation

The kernel K is ill conditioned: small changes on the Matsubara axis 
cause large changes on the real axis.
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FIG. 2. Data of Fig. 3 in the paper, continued by Padé, Carathéodory, and exact methods.
Bottom panel: approximate spectral function as obtained by Padé for the 11 component of the
Green’s function, illustrating that Padé interpolants may not respect the causal properties of
Green’s functions (causality implies positivity).

4. The authors state (in the Abstract and in section III.D) that it is
‘‘common practice’’ to use diagonal approximation to self energy when ana-
lytically continue it. I cannot agree with this statement. If we are talking
about self consistent GW approach (which authors use) then there is very
limited number of implementations which actually use Matsubara frequency as
working variable. Besides the code which authors use, I actually know only
one such implementation (PRB 85, 155129) which, however, uses full matrix
of self energy for analytical continuation. Thus, authors statement about
‘‘common practice’’ is hardly applicable. I recommend authors to amend the
corresponding sentences. If there are implementations which use diagonal-
only part of self energy for analytical continuation they should be cited
(as well as implementations which use full matrix).

Our statement refers to Matsubara methods where analytic continuations are neces-
sary, not real-axis zero-temperature GW calculations or so-called ‘quasi-particle’ self-
consistent methods (where the self-energy has a di↵erent analytic structure and none of
the analysis of this paper applies). In particular Matsubara ‘impurity solvers’ used in
DMFT employ this approximation (for continuation references see e.g. PRB 81, 195107).
However, we agree that it is not immediately obvious from the published literature that
mostly diagonal continuations are done, as this is not written explicitly and must be
inferred from the use of standard maximum entropy or Padé with explicit 1/! decay .

Apart from the Brookhaven implementation, we are aware of (fully self-consistent)
GW implementations from the Vienna group. In the Brookhaven implementation, PRB
85, 155129 that the referee cites dedicates appendix D to the continuation problem.
Equation D8 shows that all terms, including the o↵-diagonal ones in their fit decay as
1/omega, which is incorrect. In addition, PRB 85, 155129 mentions only taking 4-8
poles and struggling with the (most important) low-frequency part. In contrast, if the
low-frequency components are fit (Eq. D9), the high frequency terms su↵er. Problems
such as these are common with Padé. A similar issue is found in the Master thesis of
Grumet from the Vienna group (Univ. Wien, no refereed paper available as far as we
know).

In general, we avoid citations in our paper to other research groups for incorrect work,
and we are not prepared to change this practice here. Instead of these, we now cite other
work discussing o↵-diagonal continuations that also discuss the issue. Those papers cite
such work. in addition, we have also eliminated ‘commonly used’ from the abstract.
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 is a Nevanlinna function ( )NG = − G C+ → C+
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Interpolation Algorithm
 is a Nevanlinna function ( )NG = − G C+ → C+
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Schur’s algorithm
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Hardy function optimization

Choose a solution: optimization



Choose a solution: optimization
Synthetic benchmark system
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Existence and Uniqueness
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g(xi) = yi (xi 2 D, yi 2 D)

The Pick criterion: Nevanlinna / Schur interpolants’

Existence ( ) and Uniqueness (  furthermore singular)P ≥ 0 P

Georg Pick

e.g. noise SD 1e-3, smallest eigenvalue ~ -1e-3



Noisy data
Continuous fraction interpolation is very sensitive to noise. 

If input data does not satisfy Pick criterion, output may or may not be causal.

In practice poles are often close to real axis, evaluation just above the real axis will skip them.

Behavior with noise similar to Padé continued fractions. This is not a method for noisy data.
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The Hamburger Moment Problem
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Hamburger-Nevanlinna theorem

Hans Ludwig 
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Matrix-valued Carathéodory generalization
The Carathéodory class of matrix-valued analytic functions in  (or: ) is defined as D C+
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 are PSD;  (cumulant: defined as ) are Carathéodory.−iG<(ω), iG>(ω) iG(z), iΣ(z), iM(z) M−1(z) = G−1(z) + F

⇔

[Gramsch, Potthoff; Phys. Rev. B 92, 235135 (2015)]
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Matrix-valued Carathéodory generalization

Generalized Pick criterion

Existence ( ) and Uniqueness (  furthermore singular)P ≥ 0 P

Generalized Schur’s algorithm

Carathéodory



Matrix-valued Carathéodory generalization
Hubbard dimer (2-site)
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FIG. 2. Data of Fig. 3 in the paper, continued by Padé, Carathéodory, and exact methods.
Bottom panel: approximate spectral function as obtained by Padé for the 11 component of the
Green’s function, illustrating that Padé interpolants may not respect the causal properties of
Green’s functions (causality implies positivity).

4. The authors state (in the Abstract and in section III.D) that it is
‘‘common practice’’ to use diagonal approximation to self energy when ana-
lytically continue it. I cannot agree with this statement. If we are talking
about self consistent GW approach (which authors use) then there is very
limited number of implementations which actually use Matsubara frequency as
working variable. Besides the code which authors use, I actually know only
one such implementation (PRB 85, 155129) which, however, uses full matrix
of self energy for analytical continuation. Thus, authors statement about
‘‘common practice’’ is hardly applicable. I recommend authors to amend the
corresponding sentences. If there are implementations which use diagonal-
only part of self energy for analytical continuation they should be cited
(as well as implementations which use full matrix).

Our statement refers to Matsubara methods where analytic continuations are neces-
sary, not real-axis zero-temperature GW calculations or so-called ‘quasi-particle’ self-
consistent methods (where the self-energy has a di↵erent analytic structure and none of
the analysis of this paper applies). In particular Matsubara ‘impurity solvers’ used in
DMFT employ this approximation (for continuation references see e.g. PRB 81, 195107).
However, we agree that it is not immediately obvious from the published literature that
mostly diagonal continuations are done, as this is not written explicitly and must be
inferred from the use of standard maximum entropy or Padé with explicit 1/! decay .

Apart from the Brookhaven implementation, we are aware of (fully self-consistent)
GW implementations from the Vienna group. In the Brookhaven implementation, PRB
85, 155129 that the referee cites dedicates appendix D to the continuation problem.
Equation D8 shows that all terms, including the o↵-diagonal ones in their fit decay as
1/omega, which is incorrect. In addition, PRB 85, 155129 mentions only taking 4-8
poles and struggling with the (most important) low-frequency part. In contrast, if the
low-frequency components are fit (Eq. D9), the high frequency terms su↵er. Problems
such as these are common with Padé. A similar issue is found in the Master thesis of
Grumet from the Vienna group (Univ. Wien, no refereed paper available as far as we
know).

In general, we avoid citations in our paper to other research groups for incorrect work,
and we are not prepared to change this practice here. Instead of these, we now cite other
work discussing o↵-diagonal continuations that also discuss the issue. Those papers cite
such work. in addition, we have also eliminated ‘commonly used’ from the abstract.

Example of 
causality violation

Padé



Matrix-valued Carathéodory generalization
Self-consistent GW silicon
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MaxEnt



Comments

• This work eliminates the leading problem in analyzing diagrammatic / stat mech / finite temperature calculations with 
semi-analytic formalisms (GW, FLEX, T-Matrix, fRG, etc)

• Noise case was untouched.  
Ideas from Nevanlinna?  
holographic mapping, hardy space and Fourier coefficients [Ying 22; 2202.09719];  
Project to the causal space then choose a solution  
(1) handling Schur interpolant, systematic way to project / eliminate noise [control theory / operator theory] 
(2) projecting Matsubara data to the Nevanlinna space (may be NP hard and useless: dense causal volume in the high-
dimensional Matsubara data space; many causal data are ‘close’ enough to the given noisy data but give unmovable 
bad spectra)

Phys. Rev. Lett. 126, 056402 (2021)
Phys. Rev. B 104, 165111 (2021)



How to run Nevanlinna

Phys. Rev. Lett. 126, 056402 (2021)
Phys. Rev. B 104, 165111 (2021)

Dependencies:  C++, CMake;  Dakota (opt) 
Linked libraries:  MPFR, GMPXX, GMP;  FFTW3 (opt)


