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Response functions
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One-particle response
● Spectral function

● (Inverse) Photoemission

● SCF: self-energy Σ

● Approximations:
Hartree–Fock, DMFT, ...

● Dyson equation

● Susceptibility

● RIXS, NMR, ...

● SCF: irreducible vertex Γ

● Approximations:
RPA, DΓA, ...

● Bethe–Salpeter equation

Two-particle response
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Representations
● bandwidth W, error ε,  temp. T = 1/β

● Dense grid with “tails”:

● Splines/orthogonal polynomials:
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[1] L. Boehnke et al., Phys. Rev. B 84, 075145 (2011)
[2] E. Gull et al., Phys. Rev. B 98, 075127 (2018)

[1,2] 
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But It Works For Me!(TM)

● Does it?
 low-energy models, moderate → T, mostly 1-particle

● Otherwise:
– W: Quantum chemistry, molecules?  ~300,000 K→
– β: superconductivity?  ~1 K→ -1

– ε: reliable real-frequency spectra?  10→ -4 ~ 10-16

– N: for two-particle quantities?  → N3

– L: Dyson equation?  → L3 (naive),  L2       or back to N
[1]  X. Dong et al., J. Chem. Phys. 152, 134107 (2020)

[1] 
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Task/Outline

We need representation:

● controlled: given error bound

● compact (1-p) : few coefficients, scaling

● fast (1-p): diagrammatic equations

● compact + controlled (2-p): structure

● fast (2-p): convolution
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Singular Value Decomposition
● For every matrix:

● Singular values:

● Singular “bases”:

●  
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Singular Value Decomposition
● For every matrix:

● Singular values:

● Singular “bases”:

● “Best” low-rank approximation:  truncate s
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[1] J. Otsuki et al., Phys. Rev. E 95, 061302 (2017); H. Shinaoka et al., Phys. Rev. B 96, 035147 (2017)

Singular Value Expansion
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● Insert SVD:

● Exponential decay:

● Saturation:

● IR basis expansion

                                                
[1] J. Otsuki, H.S., et al., Phys. Rev. E 95, 061302 (2017)
[2] H.S., et al., Phys. Rev. B 96, 035147 (2017) [3] M.W., H.S., ..., in preperation
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loss of information
(from the real axis)

compression
(on the imaginary axis)

No Free Lunch theorem
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Task/Outline

We need representation:

● controlled: 

● compact (1-p) : 

● fast (1-p): diagrammatic equations

● compact + controlled (2-p): structure

● fast (2-p): convolution
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Self-consistent field (SCF) equations
● “Dressing propagators” 

 frequency→

● Summing diagrams 
 → U  time→

● Costly (L3) in IR basis
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Sparse sampling in time
● Chebyshev polynomials

● Gauss/Clenshaw–Curtis quadrature:
– Sampling points {τi} = zeros of Tl(τ)

● Inverse: evaluation

[1] Jia Li, M. W., N. Chikano, C.N. Yeh, E. Gull, H. Shinaoka, Phys. Rev. B 101, 035144 (2020) – preprint: arXiv:1908.07575
[2] independent work: M. Kaltak and G. Kresse, Phys. Rev. B 101, 205145 (2020) – preprint: arXiv:1909.01740

[1,2] 
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Sparse sampling in frequency
● Fourier transform: polynomial in 1/iν

– Sampling frequencies { νn }  ↔ TL(1/iν)

● Basis of K behaves similar to polynomials
 Also works for IR basis functions!→

[1,2] 

[3] 

[4] 

[1] Jia Li, M. W., N. Chikano, C.N. Yeh, E. Gull, H. Shinaoka, Phys. Rev. B 101, 035144 (2020) – preprint: arXiv:1908.07575
[2] independent work: M. Kaltak and G. Kresse, Phys. Rev. B 101, 205145 (2020) – preprint: arXiv:1909.01740
[3] Karlin, Total positivity 1968; [4] MW, et al., in preparation
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Sparse sampling

[1] Jia Li, M. W., N. Chikano, C.N. Yeh, E. Gull, H. Shinaoka, Phys. Rev. B 101, 035144 (2020)
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Benchmark: total E of noble gases
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Task/Outline

We need representation:

● controlled: 

● compact (1-p) : 

● fast (1-p): 

● compact + controlled (2-p): structure

● fast (2-p): convolution
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The problem with 2 particles
● First try:

● Discontinuity planes

●  → product basis not compact!

[1] image: M. W., Ph. D. thesis, 2016.
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● two-particle response function[1]

● vertices like propagators, except Hartree–Fock term
 augmented kernels→

loss of information
(from the real axis)

compression
(on the imaginary axis)

[1] H. S., D. Geffroy, M. W., ..., SciPost Phys. 8, 012 (2020)

frequency translation
(  → overcomplete)

3x IR basis expansion
(  → compact)
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Overcomplete 2-particle basis
● Overcomplete basis:

● Sparse sampling on sampling frequencies:

[1] H. S., D. Geffroy, M. W., ..., SciPost Phys. 8, 012 (2020)
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[1] H. S., D. Geffroy, M. W., ..., SciPost Phys. 8, 012 (2020)



04/22/22 M. Wallerberger – Unleashing the Matsubara technique 31

Task/Outline

We need representation:

● controlled: 

● compact (1-p) : 

● fast (1-p): 

● compact + controlled (2-p): structure

● fast (2-p): convolution
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Two-particle SCF equations
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Bethe–Salpeter equation

convolution?storage?
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Bethe–Salpeter equation

convolution?storage!
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Convolution

dense summation

   sparse summation
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Bethe–Salpeter equation

convolution!storage!
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Hubbard atom
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Weak coupling

Numerical benchmarks
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Single impurity Anderson model

8 16 32 64 128
L or N

10−4

10−3

10−2

10−1

100

m
ax

im
al

re
la

tiv
e

er
ro

ro
n

th
e

M
at

su
ba

ra
ax

is IR size L, β = 1
box size N, β = 1
IR size L, β = 10
box size N, β = 10



04/22/22 M. Wallerberger – Unleashing the Matsubara technique 40

Task/Outline

We need representation:

● controlled: 

● compact (1-p) : 

● fast (1-p): 

● compact + controlled (2-p): structure

● fast (2-p): convolution
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Conclusions and Outlook
● Compression of propagators and equations 

● Cost is polynomial in 

● Controllable, exponentially decaying error

● Accurate multi-orbital computations

● Paradigm shift: brute force HPC  sparse modelling→
● Outlook: Tensor network model, Parquet equations
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