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One-particle response Two-particle response

* Spectral function * Susceptibility

* (Inverse) Photoemission * RIXS, NMR, ...

* SCF: self-energy * SCF:irreducible vertex I

* Approximations: * Approximations:
Hartree-Fock, DMFT, ... RPA, DIA, ...

* Dyson equation Bethe-Salpeter equation

@@ @@ - T T

m 04/22/22 M. Wallerberger - Unleashing the Matsubara technique



Imaginary time  Laplace kernel Real time/freq.

W
G(7) = / de K(r,w) x  plw)

10V
40 |

11071
] 30_

- 41072
3 20 |

11073

N(E) [electrons/atom/Ry]

L | | | | | ] 104 _ = z z . .
0 5 10 15 20 25 30 35 40 =10 =4 -6 -4
E-Eg [eV]

T?

oF

-2

m 04/22/22 M. Wallerberger - Unleashing the Matsubara technique



Representation?
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* Dense grid with “tails":

G(r) = G(i%) + G¥)._(7) N~ BWeK
- Splines/orthogonal polynomials:

G(r) ~ 315" PiT)Gy L~ /BWlog(e )

[1] L. Boehnke et al., Phys. Rev. B 84, 075145 (2011)
[2] E. Gull et al., Phys. Rev. B 98, 075127 (2018)
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But It Works For Me!(™)

* Does it?

- low-energy models, moderate T, mostly 1-particle
* Otherwise:

- W:  Quantum chemistry, molecules? - ~300,000 K

- B superconductivity? - ~1 K

- & reliable real-frequency spectra? - 10# ~ 106

- N:  for two-particle quantities? - N°

- L: Dyson equation? = [3(naive), L2 or backto N

[1]1 X. Dong et al., J. Chem. Phys. 152, 134107 (2020)
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Task/Outline

We need representation:
* controlled: given error bound

» compact (1-p) : few coefficients, scaling ~ 8W

fast (1-p): diagrammatic equations

* compact + controlled (2-p): structure
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fast (2-p): convolution




Task/Outline

We need representation:
* controlled: given error bound

» compact (1-p) : few coefficients, scaling ~ 8W
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Singular Value Decomposition

* For every matrix: K=US VT Z, 0 s,U,\_/’/T
* Singular values: Sg>81>..>8_1>0
* Singular “bases”: u,T Un = v,‘L Vi = O/m

C\
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Singular Value Decomposition

* For every matrix: K=US VT Z, 0 S/L_]/\_/’;r
* Singular values: So>81>..>8_1>0
* Singular “bases”: u,T Un = v,Jr Vi = O/m

“Best” low-rank approximation: truncate s
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Singular Value Expansion

G(1) = f_WW dw K(7,w)p(w)

K(r,w) =212 Ul7) X Si X Vi(w)

4 10° o2 §
S 3
% X S]/So
| 10_2 - 2 .
2
104 A 11
k J " e
0 - 10° + 0 -
G—
Uy | 10 -1 Vo(w) K-
- — U | | 2] — W
Ustr) x| ] )
T T T T 10_12 T T T x“ N T T T
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T/83 w/(BN)

[1]1J. Otsuki et al., Phys. Rev. E 95, 061302 (2017); H. Shinaoka et al., Phys. Rev. B 96, 035147 (2017)
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* Insert SVD:
Gliv) = [, dw K(iv, w)p(w)

—Z/OU/IVS/f dw Vi(w)p(w)

* Exponential decay: S, ~ eXp(—Oﬂog(lgW))

* Saturation: p; ~ const

* IR basis expansion

=Y GU(v) + e, with  eL~ S

[1]1). Otsuki, H.S., et al., Phys. Rev. E 95, 061302 (2017)
[2] H.S., et al., Phys. Rev. B 96, 035147 (2017) [31 MW, H.S., ..., in preperation
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No Free Lunch theorem

loss of information
(from the real axis)

compression
(on the imaginary axis)

4 -
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Gliv) = S o GU(iv) + ¢

L ~ log(BW)loge™!

M. Wallerberger - Unleashing the Matsubara technique



Task/Outline

We need representation:

» controlled: €~ S;/Sp

* compact(1-p): [ ~ log(B W) log e

fast (1-p): diagrammatic equations

* compact + controlled (2-p): structure

fast (2-p): convolution
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Task/Outline

We need representation:

» controlled: €~ S;/Sp

» compact (1-p): [ ~ log(SW)loge™!

fast (1-p): diagrammatic equations
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Self-consistent field (SCF) equations

* "Dressing propagators”

- frequency G '@ «+ G, '@ - Z(®)
* Summing diagrams s . 0%1G Ul
- U - time @ 0G(€2)

* Costly (L3) in IR basis
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Sparse sampling in time

* Chebyshev polynomials G()

* Gauss/Clenshaw-Curtis quadrature: WH W

- Sampling points {t;} = zeros of T(1)

=f06 dr G(T)T/(7')=ZLO1 w;G(7) + €

 Inverse: evaluation

Z/OU/ 7', G/ Z WI-J/rG/+€

[1]1Jia Li, M. W., N. Chikano, C.N. Yeh, E. Gull, H. Shinaoka, Phys. Rev. B 101, 035144 (2020) - preprint: arXiv:1908.07575
[2] independent work: M. Kaltak and G. Kresse, Phys. Rev. B 101, 205145 (2020) - preprint: arXiv:1909.01740
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Sparse sampling in frequency

* Fourier transform: polynomial in 1/iv G()
- Sampling frequencies { v, } & T,(1/iv) N
- w
1 .

00 L—1
G(iv,) = Z A/(iyn)G/ = Z W, Gy + € W”ﬁi W

=0 =0

* Basis of K behaves similar to polynomials”’
— Also works for IR basis functions!®

[11Jia Li, M. W., N. Chikano, C.N. Yeh, E. Gull, H. Shinaoka, Phys. Rev. B 101, 035144 (2020) - preprint: arXiv:1908.07575
[2] independent work: M. Kaltak and G. Kresse, Phys. Rev. B 101, 205145 (2020) - preprint: arXiv:1909.01740
[3] Karlin, Total positivity 1968; [4] MW, et al., in preparation
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Sparse sampling
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[11Jia Li, M. W., N. Chikano, C.N. Yeh, E. Gull, H. Shinaoka, Phys. Rev. B 101, 035144 (2020)
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0P[@G, U]
0G(—T)

2 (1) <

G '(iv) « Gy ' (iv) — Z(iv)

m 04/22/22 M. Wallerberger - Unleashing the Matsubara technique



G(;/)V +‘ ¥ (7) < ?gf_’g] - WGA(Ti)
G G
%

Gi(ivn) ~ G Y(iv) « Gy '(iv) — =(iv) | | Glivn)
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Benchmark: total E of noble gases
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Task/Outline

We need representation:

- controlled: € ~ S; /Sy

* compact (1-p): L ~ log(S W€_1)

fast (1-p): ~ O(L), ~ O(L?)

* compact + controlled (2-p): structure

fast (2-p): convolution
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Task/Outline

We need representation:

- controlled: € ~ S; /Sy

* compact (1-p): L ~ log(S W€_1)

fast (1-p): ~ O(L), ~ O(L?)

* compact + controlled (2-p): structure
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The problem with 2 particles

* Firsttry:  G(ry,72,73) = > U(r1)Up(72) Un(73) Girm

I

* Discontinuity planes

* —= product basis not compact!

[1]image: M. W., Ph. D. thesis, 2016.
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* two-particle response function

12

G(ir) = > T (it7;iv, iV, iw) / FPwK (iv, w) K (i, we) K (iw, ws) plw1, wa, w3)
= |
| |
frequency translation 3x IR basis expansion
(— overcomplete) (— compact)

* vertices like propagators, except Hartree-Fock term
- augmented kernels

loss of information
(from the real axis)

compression
(on the imaginary axis)

[1]1 H. S., D. Geffroy, M. W, ..., SciPost Phys. 8, 012 (2020)
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Overcomplete 2-particle basis

. Overcomplete basis:

Z T (iv;iv, iV, iw Z Ui(iv) Uy (iv") Up(iw) Gr i m

\ i |

E; iy m(iv)

* Sparse sampling on sampling frequencies:

_ - S 2
G = arg min Z |G(7) — E(#)G|? + (regularization)

[1]1H. S., D. Geffroy, M. W, ..., SciPost Phys. 8, 012 (2020)
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Task/Outline

We need representation:

- controlled: € ~ S; /Sy

* compact (1-p): L ~ log(S W€_1)

fast (1-p): ~ O(L), ~ O(L?)

* compact + controlled (2-p): structure

fast (2-p): convolution
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Two-particle SCF equations

520[G, U]

' sGia
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Bethe-Salpeter equation

109 5
] - == dense, box size N (max. error)
A 4 * * ——- dense, box size N (avg. error)
F / = r| + |F r E
© 10~
\ | cgvs
A \\\ 4 ,r"’ % ~~~~~~
\ y s L T
/ / / £102¢=—an____ 7 ~
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\ \\ /// /” g ~~~~~~~~~
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. o 3
storage? convolution? 5"
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8 116 312 64

N ~ ¢ '8W (accuracy * bandwidth / temperature)
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Bethe-Salpeter equation

109 5

- == dense, box size N (max. error)
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relative error on the Matsubara axis
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|w

@ ——— dense summation
|w Y ! ~ N4 € o N —1
ir £~ A— A X — F —L
N - sparse summation
| /! / |w /! N ™~ L4 6 ™~ e_aL
4 F =~ Z Tph e
E FH Fg
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Bethe-Salpeter equation

109 5
] —— sparse, IR size L (max. error)
A A A * —+— sparse, IR size L (avg. error)
F | = B + F B 5 — -~ dense, box size N (max. error)
g —-—- dense, box size N (avg. error)
o
= L\\ -
| 2io2f-\\__ 7o ~
= Y1 NV ——— ~
g ~~~~~~~~ \\“~~
W | N N N
f s 1 W Tm==l
: 2
storage! convolution! 5
4 13 6 ;4 :
O(NS,, L) O(N; ., L")
116 II”3]2IIIII”64
Lor N

L ~ log(BW)loge™
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Numerical benchmarks
Hubbard atom Weak coupling

linear basis size L

linear basis size L
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S S
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< 10 S
5 5
] o
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o ] = -, ,
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singular value cutoff singular value cutoff

U=23,8=15u=4 r~U,||U|]|=0.3,5=1.55
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maximal relative error on the Matsubara axis

Single impurity Anderson model

10Y 5
] —>— IRsize L, 5 =1
=== boxsize N, 3 =1
—¢— |IRsize L, =10
10774 \ " TXo e ——- box size N, 3 =10
1072 5 T
10_3_: ~~~~~~
1074 +— S A A
8 16 32 64 128
LorN
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Task/Outline

We need representation:

» controlled: € ~ §; /Sy

» compact (1-p): L ~ log(BW)log e~

fast (1-p): ~ O(L), ~ O(L?)

* compact + controlled (2-p): structure

fast (2-p): convolution
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Conclusions and Outlook

* Compression of propagators and equations
» Costis polynomialin L ~ log(8W)loge "

* Controllable, exponentially decaying error

* Accurate multi-orbital computations

* Paradigm shift: brute force HPC — sparse modelling

Outlook: Tensor network model, Parquet equations
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